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 Bayesian inference needs the value of likelihood p(Y,,¢|X).

« What should we do if the likelihood is intractable?



« When this happens?
« Y may be given only by simulation
 Population genetics:
Y ~ p(y|X) Is given by a branching process.

« Epidemiology:

Y ~ p(y|X) is given by solving (simulating)
a stochastic differential equation.

 Density function p(y|x) is given only by a non-density form.
- a-Stable distribution: Fourier transform is known

« Recent technology: ABC (Approximate Bayesian Computation)



Problem to solve

p(X¢|Xe—1)

X, X+
i q(Ye|Xe)
Y, Y,
« Assumption:

Density q(Y;|X;) is INTRACTABLE, but sampling is possible.

« State space model
p(X|X,_1): state transition

* Filtering with intractable likelihood % * X
q(Y;|X.): observation model .

Yo Y,

« Note:
Standard Sequential MC / Particle Filters are not applicable.
They need the value q(Y;|X;) for importance weighting.



« Example:

a-stable Stochastic Volatility model

%6

=¢X;—1 +1ne, N~ N(O,08)

Y, = eXt/?w,, we ~ S(a,0,0,)

X:: log volatility, Y;: return
Popular in mathematical finance

« Existing methods
« Convolution particle filter (KDE—based) (Campillo & Rossi 2009)

« ABC filter

(Jasra et al 2012; Calvet & Czellar 2014)
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Our approach

Kernel method for particle representation of a distribution

« Kernel mean embedding

* Positive definite kernel / RKHS is used for nonparametric
estimation

« Good for (moderately) high-dimensional data

« A new way of Bayesian inference
« Kernel mean can be regarded as “particle” representation.
« Negative weights may appear (sighed measure)
« Bayesian inference is done by matrix computation



Representing distributions with
kernel means



Positive definite kernel

Definition
Q: set. k:Qx Q- Ris a positive definite kernel if
(1) kCx,y) =k(y,x)
(2) For any x, ...,x, in Q, the Gram matrix k(x;, x;) is positive
semidefinite, i.e.,

Z CiCjk(Xi,Xj) >0
ij=1
forany ¢y, ...,c, €R.

It is known that k uniquely defines a reproducing kernel Hilbert space
(RKHS), which is a function space and used for a feature space.



Kernel method at a glance

 Nonlinear transform of data A

— SVM

. < * — Kernel PCA
A \ " etc.

Data space ®d(X;) = k(-,X;)  Feature space
Feature map (function space, RKHS)

 Kernel trick: special, efficient computation of inner product

(P(x), PV, = k(x,¥)

- 2
e.g. Gaussian RBF kernel k(x,y) = exp (— lx=ll )
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Kernel mean

- —

X random var.

Data space ®(X) = k(-,X) Feature space, RKHS
(function space)

Hilbert space-valued
random variable

Feature map

Kernel mean: mp = Ex[®(X)]
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Kernel mean = Representation of distribution

« No information loss (with suitable choice of kernel, e.g. Gaussian)
- Feature space is infinite dimensional (infinite components)

« Integral transform
mp = Ex[®(X)] = | k(-,x)dP(x) Function again.

c.f. Characteristic function ¢p(w) = fe‘/‘_lede(x)
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Kernel mean as a particle representation

« Estimator of kernel mean
N
R 1
mP — NE k(.)XL) Xl' ...,XN ~ P, i.i.d.
i=1

« More generally

N
Mp = ) wik(, X)
1=1

Weighted sample expression (X;, w;) M T‘




Kernel version of importance weight

 Prior m: kernel mean i, = %Zik(-,Xi)

« Likelihood p(y|x) : intractable,
but sampling possible

Yi~pylx=X;) (=1,..,N)

« Kernel mean of posterior given y, : (X;,w;)
Mpost = 2 wik(, X;)
w = (Gy + Ay) T ky ()

ridge regression BLA ‘w
Xi

GY = (k(yi’ Y]))' kY(yo) — (k(Ylwyo); ---:k(YN: yo))T
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Theory: convergence

Theorem
* M, = %Z’i"zl k(-,X;) is a consistent estimator of m,, with
convergence rate ||, — mylly = 0,(N?) (0 < b < 1/2).
« E[k(Y,Y)|X =x,X' =x'] is a function in Hy ® Hy as a function of
(x,x"), where Y ~ p(y|x),Y' ~ p(¥'|x") independently.

Then for any f(x) with [ f(x)?m(x)dx < oo and [ f(x)p(x|y =)dx €
R(CYY) (range of covariance operator Cyy),

Z wif X)) = [ FGOPGIY = yops)dx = 0,(N"2/2) (N > oo)
=1
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Recap: “Standard” particle methods

« Importance weight

(Xi,v;i)

__ p(Yo|X) ()

* Prior m : (X;,v;) particle p(VolXi)

ﬁ- — Zi vi5Xi

* Likelihood p(y|x) : known

- Given observation y,, I w

posterior p(x|y,) is represented by (X;, w;) (X;, w;)
w; < v;p(VolX;)
Importance weight
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Comparison: kernel vs standard particles

Kernel mean Standard
mP — Lij= 1Wlk( X) [= 1WL5XL
« Estimator of kernel mean » Estimation by atomic
mp probability
« Allows negative weights * (w;) is a probability on N

o . points.
 Bayesian inference with

linear algebra  Bayesian inference with
Importance sampling
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Kernel Mean Particle Filter



Re: Filtering with intractable likelihood

p(X¢|Xe—1)
XO

» Filtering with intractable likelihood

X, X, X X+

« State space model SV 1X)

p(X|X,_1): state transition
q(Y;|X.): observation model D ;

« Assumption:
q(Y:|X,) is INTRACTABLE, but sampling is possible.

« Apply the kernel IW for the intractable likelihood!
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Kernel Mean Particle Filter (ukumizu et al 2015+)

p(Xely1, oo Ve) PXer1lyr, oo ye)  PXesalye o Ver1) D(Xer1V1) s Ver1)
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N j=1 k(. Z)) ﬁzﬂyﬂk("xjtﬂ) ﬂy=1th+1k("th+1) NZ?’:lk(-,Zf“)
Prediction Correction Resampling
Sampling p(X4+1|X:) Kernel IW Kernel herding
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Resampling by kernel herding

« Kernel herding (chen et al 2010)

- Find points Zé]' ..,Zy so that the kernel mean mp = [ k(-,x)dP(x) is

approximate

i _IyN k(o z.
erp___l,rZINHmp S 2i=1 k(4 Z;)

H

 Kernel herding solves Z,,Z,, ... sequentially.

Zpy1 = argmax mp(Z) — — f=1k(Z»Zi)

7 £+1

« KH shows good approximation accuracy in theory and practice.
0(1/N) in norm (NOT squared) for finite dimensional RKHS.
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c.f. ABC filter

« Approximate Bayesian Computation (ABC)
« Likelihood p(y|x) : intractable, but sampling possible

« Simplest rejection method: Repeat 1-3.
1. Xi ~ 1T
2. Y ~pllx =X;)
3. Ifd(V;,y.ps) < &, Accept X;; otherwise Reject.

« If £ > 0, the accepted sample approaches to a sample from p(x|y,ps),
but acceptance rate becomes low.

 For high-dimensional y, acceptance rate is lower. Low dimensional
(sufficient) statistics are preferably used.

« ABC filter: apply ABC to the correction step in the particle
filter. .



Application: Stochastic Volatility model

« Multivariate a-stable Stochastic Volatility model
X, =®X,_1+v, @ =Diag(¢y, .., dq), vy ~ N(0,021;)

Y, = th/zwt, V. = Diag(e®t1, ...,e%td), w; ~ S(a,0,0,), v L w,
% 1-th dim: fraining
S(a,0,0,): a-Stable distribution. N
t
a = 2: normal; a = 1: Cauchy. y
. t
For general a: no analytic form for
density, but sampling is possible. nmwm-wwvf RN AT
« A model for volatility (degree of
variations) of securities. W a=15

¢ Used pOpUIarIy in mathematical finance. ZI:I 4EI EEI BD 'IEIEI 'IZEI 140 'IEEI 'IBEI 200

22



o

a-stable distribution

S(a, B, c, 1)
a: index, f: skewness, c: scale, u: shift

=

« Characteristic function

d(w; B, c,p) = [ e"19%dP(x; a, B, c, 1)
= exp(V—1puw — |cw|*(1 — V—=1Bw sgn (w)P) )

where ® = tan(nra/2) fora # 1;® = %log |lw| for a = 1.

* S(a,u,0) = S(a,0,0,u) (No skewness)
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e «x = 1.5: intractable

(Average over 100 runs)

SV (a=1.5)
60: : L :
—=— KMPF (proposed) ,
50- ==== ABC filter (N=500)
--<=+ ABC filter (N=1000) e
40- <1
LL]
) 30~
=
20~
10-
0"
0

Dimensionality

CPU time / run
KMPF (500): 10.8 sec
ABC filter (500): 5.6 sec
ABC filter (1000): 19.2 sec

Mean square errors in estimating X; (point estimates, average over T = 500)
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* « = 2 (Gaussian, w, ~ N(0,X,)) Tractable case (standard SMC applicable)

2, regular
SV (Gauss, regular)
o9 : : : L
50— KMPF (proposed) |
====- ABC filter
451 ++4+-- SMC (SIR 500) I
40 ===+ SMC (SIR 2000) /7 ]
’/
35 A :
leJ 30 ,]f, -
= 25- e -
20.- /%' : ] CPU time / run
{5 g | KMPF (500): 24.9 sec
i | ABC filter (500): 5.6 sec
SMC (SIR 500): 17.7 sec
or 7 SMC (SIR 2000): 142.6 sec
o'
0

Dimensionality
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2,: close to singular

SV (Gauss, singular)
45,

L L
-

—— KMPF (proposed)

401 —==-- ABC filter

g5 " SMC (SIR, 500) . N
~-<-=- SMC (SIR, 2000) !

]
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Concluding remarks

 Kernel mean particle filter for intractable likelihoods
« Kernel mean “particle” expression of distributions
« Allows negative weights.
« Matrix computation for updating weights.
« Resampling by kernel herding.

- Effective for filtering with intractable likelihoods

« Works better than state-of-the-art ABC filters in high dimensional
cases

« Even better than standard SMC (SIR) in difficult cases.
(Needs more comparisons.)

* Future directions
« Estimation of parameters in state transition
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Thank you.



